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It is known (Jordan [3]) that each of the simple groups PSL(2,2’“) has an 
element o # 1 satisfying x(u) - x(1) = constant for all nonprincipal 
irreducible characters x of the group. The purpose of this note is to show that 
the converse is true. More precisely: 
THEOREM. Let G be a finite group containing an element u # 1 satisfying 
X(U) - x(1) = -k, a constant, for all nonprincipal irreducible characters 
x of G. Then the Sylow 2-subgroups of G are elementary abelian. 
Using the result of Walter [4], one obtains the following corollaries: 
COROLLARY 1. Let G be a jinite simple group satisfying the hypothesis of 
the Theorem. Then k = 2” and G N PSL(2,2”). 
COROLLARY 2. The simple groups PSL(2,2”) are characterized by their 
character-tables. 
1. k AND THE ORDER OF G 
In this and the following sections let G be a finite group satisfying the 
condition in the Theorem. Let x1 = 1, xa ,..., xr be the irreducible characters 
of G over the complex field. If H is a subgroup of G, let 1 H 1 denote its order. 
Let G, denote a Sylow 2-subgroup of G. Finally, let C be the centralizer of D 
in G. 
LEMMA 1. I G I = CL=‘=, xi(l)” = k Ck xi(l). 
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Proof. The first equation is well-known and true for any finite group. 
The second equation comes from the first and the relation 
g1 Xi(l) x44 = 0. 
(Cf. Gorenstein [l], Theorem 4.28.) Q.E.D. 
LEMMA 2. k is a power of a prime number. 
Proof. k = -xi(u) + xi(l) . is an algebraic integer. Lemma 1 implies that 
k is a rational number. Let p be a prime number dividing k. Then xi(o) z 
xi(l) (mod p) for all i. This implies that u is a p-element by Gorenstein 
([ 11, Lemma 4.7.5). Since o # 1, it cannot be a q-element for another prime q. 
It follows that there is no other prime dividing k. Q.E.D. 
LEMMA 3. k = 1 G, I. 
Proof. From Lemma 1 we have, 
(k - 1) I G I = k 1 + i [xi(l)” - xi(l)1 .
i=2 i 
By Fermat’s theorem, the right-hand-side = k (mod 2). If k were odd, the 
left-hand side would be even, an absurdity. It also follows from the equation 
that k is the highest power of 2 dividing (k - 1) j G j. Thus k = j G, I. 
Q.E.D. 
LEMMA 4. CT is in the center of a Sylow 2-subgroup of G. 
Proof. Lemma 3 and the proof of Lemma 2 imply that u is a 2-element. 
It is well-known that 1 C 1 is given by 
I C I = 1 + i I xi(d2 = 1 + i I xi(l) - k 12, 
i=2 i=2 
which reduces to 1 C 1 + / G 1 = li2(r - 1) by Lemma 1. Lemma 3 now 
implies that k = 1 G, / divides 1 C /, i.e., we may assume u is in the center 
of G, . Q.E.D. 
2. THE ORDER OF u AND THE PROOF OF THE THEOREM 
LEMMA 5. u is an involution. 
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Proof. Lemma 2 implies that xi(o) is rational for all i, and therefore o 
is conjugate to its inverse. But in view of Lemma 4 no element # 1 can send 0, 
by conjugation, to u-r. (Cf. Gorenstein [I], Section 9.1 on extended cen- 
tralizers). Thus o = u-l. Q.E.D. 
LEMMA 6. If 7 is not a conjugate of cr and -r # 1, then CLCz xi(~) = 0. 
Proof. Since u and 7 are not conjugate to each other, 
which reduces to 
1 + i Xi(l) Xi(T) = k i: Xi(T). 
i=z i=2 
The left-hand-side is again 0 because 7 # 1, whence the vanishing of the 
right-hand-side. Q.E.D. 
LEMMA 7. There is only one class of involutions in G. 
Proof. Let 7 be an involution in G. Then *[X(T) + x(l)] is an integer, 
being the inner product (x, 1) on the cyclic group generated by 7. 
Suppose, by way of contradiction, T is not conjugate to cr. Then Lemma 6 
says XL=, xi(T) = 0. It follows that 4 CLp xi(l) = Cb, ii&(l) + xi(~)] is an 
integer. But Lemma 1 says 1 G 1 = 2k . 4 CLz xi(l). Thus it would follow 
that 1 G 1 = 0 (mod 2K), which is absurd in view of Lemma 3. Q.E.D. 
Proof of the Theorem. All we need is to show that there is no element of 
order 4. Suppose there were an element 7 of order 4. Then T2 is conjugate to u 
and therefore xi(T2) = xi(u) for all i. Now, as in the proof of the previous 
Lemma xi(l) + xi(T) + xi(T2) + Xi(T3) f 0 (mod 4). If follows that 
z2 [“(l) + xi(T) + xi(‘) - k + x47”)] = 0 
(mod 4), 
which reduces to 
22 xi(l)-R(r-l)+i Xi(T)+i xi(~~)=O (mod4). 
i=2 i=2 i=2 
By applying Lemma 6 to 7 and T3 we get XI=, XJ(T) = xi=, ~~(7~) = 0. So 
2 CI=, xi(l) = k(r - 1) (mod 4). As 7 is of order 4, k = / G, 1 is dividible by 
4. Thus 2 xi=, xi(l) 3 0 (mod 4), which leads to 1 G 1 = 0 (mod 2k), an 
absurdity already seen in the proof of Lemma 7. Q.E.D. 
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3. PROOF OF THE COROLLARIES 
Since G, is elementary abelian, the result of Walter [4] can be applied: 
G is isomorphic to one of the following: 
(i) PSL(2, q), Q > 3, 4 3 3, 5 (mod 8); 
(ii) J(11); 
(iii) A simple group of Ree-type; or 
(iv) PSL(2,2”). 
Let’s examine the first three possibilities. 
(i) This case can be eliminated: PSL(2, Q), with 4 E 3, 5 (mod 8), has 
Sylow 2-subgroups of order 4 and an irreducible character of degree Q which 
takes the value 1 on the involutions (cf. Gorenstein [l], Theorems 2.82 and 
4.32), forcing 4 - 4 = 1. But then PSL(2, 5) NPSL(~, 4). 
(ii) J( 11) is not eligible because it has an irreducible character of degree 77 
that takes the value 5 on the involutions while the Sylow 2-subgroups of 
J(11) are of order 8 (cf. Janko [2]). 
(iii) The case of a Ree-type simple group can also be eliminated. By 
Gorenstein [l, p. 481-4831, it has a doubly transitive permutation on q3 + 1 
letters with only the identity fixing 4 letters, where Q is a power of 3. Thus it 
has an irreducible character of degree q3. Also its Sylow 2-subgroups are of 
order 8. Hence k = 8 and q3 - 8 < 2, forcing q3 < 10. Since q is a power 
of 3, this leads to the elimination of (iii). 
Corollary 1 thus holds. 
Corollary 2 is an immediate consequence of Corollary 1. Q.E.D. 
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